We theoretically study the stability of a normal, spin disordered, homogenous spin-1 Bose gas against ferromagnetism, pairing, and condensation through a Random Phase Approximation which includes exchange (RPA-X). Repulsive spin-independent interactions stabilize the normal state against both ferromagnetism and pairing, and for typical interaction strengths leads to a direct transition from an unordered normal state to a fully ordered single particle condensate. Atoms with much larger spin-dependent interaction may experience a transition to a ferromagnetic normal state or a paired superfluid, but, within the RPA-X, there is no instability towards a normal state with spontaneous nematic order. We analyze the role of the quadratic Zeeman effect and finite system size.
Introduction.-The interplay of superconductivity/superfluidity and magnetism is fundamental [1] . Experiments in ultra-cold spin-1 gases [2] [3] [4] [5] have begun to explore this physics, elucidating the subtle connections between Bose condensation of single particles and competing/complementary orders such as pair condensation, ferromagnetism, and liquid-crystal like nematicity [6] [7] [8] . This has become a model system for thinking about exotic spin textures and topological defects [9] [10] [11] [12] , and the dynamics of quantum phase transitions [13, 14] . However, the finite temperature 3D phase diagram is a mystery, with earlier works producing contradictory results [15] [16] [17] . Here we clarify the situation by using a wellcontrolled approximation [the random phase approximation with exchange (RPA-X)] to calculate the instabilities of the normal state.
A particularly dramatic feature of the spin-1 Bose gas is that it supports a bosonic analog of the BCS transition [18] [19] [20] [21] . Somewhat counterintuitively, the paired state is less ordered than a single particle condensate, and is found when both the spin independent and dependent interactions are repulsive. In addition to its theoretical importance, this feature makes it an interesting paradigm to keep in mind while exploring the mechanisms for superconductivity in systems such as high-Tc cuprates, C-60 and polyacenes where the interactions are believed to be repulsive [22] .
The Hamiltonian of a spin-1 Bose gas is the sum of a kinetic and interaction term, H =Ĥ kin +Ĥ int . In the presence of a magnetic field in theẑ direction, the kinetic term has the formĤ kin = kσ ǫ kσ a † kσ a kσ , where a kσ is the annihilation operator for a boson with momentum k and spin projection σ = −1, 0, 1. The dispersion is ǫ k0 = k 2 /2m − µ, ǫ k±1 = k 2 /2m − µ + q ± p, where p/q are linear/quadratic in the magnetic field. There is no spin-orbit coupling, allowing us to eliminate the linear Zeeman effect (p) by working in a rotating frame. Offresonant microwave light allows the quadratic Zeeman field q to be tuned, taking on positive and negative values [23] . Assuming short range interactions, symmetry forces 
the interaction Hamiltonian to be [7, 8] :
where the greek indices denote the spin projection and ψ α (r) = 1 V k e ikr a kσ is the the boson field operator. The two coupling constants, c 0 and c 2 represent spin independent and spin dependent interactions TheŜ operators denote 3 × 3 spin-1 matrices. The interactions are expressed in terms of the microscopic scattering lengths in the spin-0 (a 0 ) and spin-2 (a 2 ) channels and atomic mass m as: c 0 = 4π(a 0 + 2a 2 )/3m and c 2 = 4π(a 2 − a 0 )/3m.
Two atoms are typically used in these experiments: 87 Rb (c 2 < 0) and 23 Na (c 2 > 0). In all experiments so far, spin independent interactions are repulsive (c 0 > 0) and c 0 ≫ |c 2 |. We find that the phase diagram is featureless in this regime, motivating us to study the more general case where the interactions are comparable in magnitude. Perhaps 7 Li, rare earth atoms, or alkali-earth atoms will have scattering parameters in this regime. Although dipolar interactions are believed to play an important role in the low temperature quasi-2D experiments of Vengalattore et al. [3] , we neglect them here, as they are much too weak to influence the stability of the normal state.
The spin-1 gas can present several types of order, summarized in Table I. Single particle ) 2/3 and scaled by n 1/3 a0 as a function of spin-dependent interaction c2. Thin solid line shows the instability towards single particle condensation (ferromagnetic or polar depending on the sign of c2). For c2 > 0.5c0, the normal state is unstable to a rotationally symmetric paired singlet phase (P) with a Tc > TBEC. For c2 < −c0/3, the normal state becomes unstable to a ferromagnet (F 
and in the thermodynamic limit should be considered as an NC state [25] . An example of a P state would be a condensate of small singlet pairs |P = κ N/2 |0 , where
Unlike |S , the state |P has no off-diagonal single particle order. Paired states for which a † 0k a † 0-k − 2a † 1k a † −1−k = 0 posses nematic order. We find no instabilities towards paired states with ferromagnetic order.
Although the 2D phase diagram is well established (with an algebraically ordered P state at any finite temperature when q = 0) [10, 16] , contradictory results have appeared concerning the 3D phase diagram. Both Gu and Klemm [15] and Kun Yang [16] erroneously found that arbitrarily weak attractive interactions drive a ferromagnetic instability with T F c > T BEC . Kis-Szabó, Széfalusy and Szirmai [17] gave a more thorough argument, finding a finite threshold for this instability. We extend their calculation to incorporate exchange physics, including c 2 > 0, c 2 < 0, and the quadratic Zeeman effect.
Formalism.-We calculate the longitudinal (χ z ) and transverse spin (χ ± ) and pairing (Π) susceptibilities of the homogeneous interacting spinor Bose gas using a Hartree-Fock Random Phase Approximation (RPA-X). A divergence of the zero frequency, long wavelength susceptibility, χ −1 (k = 0, ω = 0) = 0 signals an instability in that channel. Within the RPA-X there is never an instability in the nematic channel which is not simultaneously accompanied by single particle or pair condensation.
The relevant response functions are
where t > 0, and the greek subscripts denote spin indices and p is the momentum [26, 27] . The longitudinal and transverse spin correlation functions are
, and
, and µ = {z, ±}.
In the RPA-X, the susceptibility of the interacting gas is determined from the non-interacting susceptibility by summing over all repeated direct, and exchange interactions.
The interaction potential V γη µν of Eq. (1), which includes both direct and exchange graphs, is explicitly given in the supplementary material.
The non-interacting Green's functions are diagonal in spin space: (χ 0 ) γη αβp (t) = 0, and (Π 0 ) γη αβp (t) = 0 unless η = α and γ = β,
Here n(ǫ kσ ) = (e βǫ kσ −1) −1 is the Bose-Einstein distribution at temperature T = 1/β. For a non-interacting gas, the spin susceptibility χ 0 , pairing susceptibility Π 0 and compressibility all diverge as µ → 0 from below, marking Bose-Einstein condensation.
At k, ω = 0, these non-interacting response functions may be written in terms of the polylogarithm functions g ν (z) = j z j /j ν : χ
, where µ eff = µ − q for α = ±1 and β = ∓1, and µ eff = µ for α = β = 0. The thermal wavelength is Λ T = 2π/mk B T . The calculations are detailed in the supplementary material.
To detect ferromagnetism we consider the response functions (see supplementary materials)
To detect pairing, it suffices to consider the singlet pairing susceptibility, Θ = (Π 00 00 − 2Π
Results.-Repulsive spin independent interactions (c 0 ) suppress both ferromagnetism and pairing in Bose systems. This should be contrasted to fermions, where due to the opposite sign of the exchange term, repulsive interactions enhance ferromagnetism, giving rise to the Stoner instability [28] , even in the absence of any spin dependent interactions.
From Eq. 8, and the fact that χ 0 (0, 0) < 0 we see that the spin susceptibility only diverges when c 2 < 0 with |c 2 | > c 0 /3. Similarly, at q = 0, the pairing susceptibility only diverges when c 2 > 0 with c 2 > c 0 /2. For weak interactions (|c 2 n| ≪ k B T ), these instabilities occur near µ = 0. Expanding the susceptibilities for small µ at q = 0 gives that, to leading order, the magnetic instability occurs at
Hypothetically, taking n = 10 14 cm −3 , a 0 = 100a B , and |c 2 | ∼ c 0 , we find T c − T BEC ∼ 10nK. The q = 0 phase diagram is summarized in Fig. 1 .
We now explore the role of the quadratic Zeeman effect: q < 0 favors magnetism in the ±ẑ direction (F -Ising order -signalled by diverging χ z ), and pairs in the m F = ±1 states (NP ⊥ : 2| ψ †
while q > 0 favors magnetism in the x − y plane (F ⊥ -x-y order -diverging χ ± ), and m F = 0 pairs (NP :
Finite q also shifts the BEC transition temperature: the density is given by nΛ 3 T = g 3/2 (e βµ ) + 2g 3/2 (e β(µ−q) ), with condensation at µ = q for q < 0 and at µ = 0 for q > 0. For small q one finds
with ξ = 0.3 for q < 0 and ξ = 0.6 for q > 0. Solid curves give the Tc for a non-condensed ferromagnetic gas, normalized to TBEC |q=0 (defined in Fig.1 caption) . At some lower temperature, one expects a transition to a ferromagnetic condensate (FC). For q < 0, this Tc always exceeds the ideal Bose gas transition temperature. For q > 0, the ideal gas temperature meets the Tc for ferromagnetism at some finite q (marked by ×). Beyond this point, the normal state is unstable to forming a polar condensate. Figure 3(a) illustrates the phase diagram for c 2 > 0, where the only relevant instabilities are pairing and single particle condensation. Finite q enhances single particle condensation, and for a given q, there is a threshold value of c 2 required to find a pairing instability. For q > 0 this threshold becomes arbitrarily large as q → ∞, but for q < 0 one always has a pairing transition if c 2 > c 0 . Setting µ = 0, and taking the limit (Π 0 )
1−1 −1 1 → ∞ for q < 0 and (Π 0 ) 00 00 → ∞ for q > 0, we calculate these threshold values (Fig. 3(b) ):
Experimentally, the states discussed in Fig.3 may be somewhat distinguished by the fact that both the condensed phase NC ⊥ for large q < 0, and the paired phase NP ⊥ , have n s = n 1 + n −1 − 2n 0 > 0. In the singlet pair, this quantity is identically zero. Studying momentum distributions can distinguish between the single particle and paired condensates.
Finite Size effects.-Similar to [21] , we can estimate the role of finite size effects by looking at the instabilities at finite k = 2π/L, where L is the size of the cloud. These finite size effects are crucial in the scalar gas with attractive interactions, where there is no Bose-Einstein Conclusions.-The presence of competing magnetic and off-diagonal long range orders in a spin 1 gas produces an extremely interesting phase diagram with ferromagnetic, nematic and paired phases. Using the RPA-X, we have quantitatively studied the instabilities of the normal state, identifying the temperatures and interaction strengths at which the disordered normal state becomes unstable to a symmetry broken phase. We find that the finite temperature phase diagram is featureless unless the interaction strengths governing spin (c 2 ) and charge physics (c 0 ) are comparable in magnitude. This is due to the exchange enhancement of identical particle scattering.
A number of probes can be used to distinguish the nematic phases and detect pairing. These include optical birefringence [29] , momentum distributions via time-offlight, noise correlations [30] , and the nature of vortices.
Finally, we remark that the key bottleneck to realizing this interesting phase diagram is that of finding atoms with spin independent and spin-dependent interactions of comparable magnitude. The search for such atoms is an active area of research, and we hope that our work motivates this effort. 
SUPPLEMENTARY MATERIALS FOR "INSTABILITY OF A SPIN-1 BOSE GAS TO FERROMAGNETISM AND PAIRING"
Analytic structure of non-interacting response functions.-We develop the analytic structure of χ 0βα αβ defined in Eq.6 of the main text as:
For q = 0 this simplifies to a constant χ(p, ω) =
ω−(ǫ k+p −ǫ k ) , whose structure has been thoroughly explored in [1] . The result to linear order in pΛ T is :
where g ν (z) is the polylogarithm function. For q = 0, first note that χ 
We usẽ k as an expansion parameter.
Rewriting the logarithm as an integral we get:
, where λ 1 = −β(µ − q) and λ 0 = −βµ. The analytic structure of the integral I has been extensively developed by Szépfalusy and Kondor [2] , who show that the integral can be written as an asymptotic series for long wave-lengths. Retaining only the lowest order terms we find that the static response yields:
(A-17) The non-interacting pair response is defined as:
Once again, the pair susceptibility for the scalar gas has been considered in [21] . The result to linear order in kΛ T is :
It is easy to show that (Π 0 )
Spin response in the RPA .-The spin response in the RPA is given by solving for the polarization tensor defined in Eq. 2 using Eq. 5. The interaction matrix V encompasses all direct and exchange diagrams and takes the form:
From the full polarization tensor, one extracts the longituginal and transverse spin susceptibility on which our calculations are based. We now turn to the details of the pair response calculation.
Pairing response in the RPA.-The RPA response is given by Eq. 5 where V is a symmetric 9 × 9 matrix. However since pairing only occurs in the S z = 0 channel, it suffices to consider the following subsystem 
